Single Electron Devices

1 Introduction

We will study tunneling of single electrons in very small tunnel junctions see Figure 1.1. The junctions are typically two metals separated by a thin oxide layer.
They are often made by e-beam lithography from aluminum, but also other materials can be used.
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Figure 1.1 A schematic picture of a tunnel junction

Let us start by looking at the tunnel junction as a pure capacitance. If we place a single electron on a tunnel junction it will generate a voltage V =e/C . It is
obvious that if we make the capacitance very small this voltage will become large. For a typical tunnel junction with an area of 100x100 nm” the capacitance will be
of the order of 1 fF. Adding an electron to the capacitor results in a voltage of approximately 100 pV.

There is also an electrostatic energy associated with adding a single electron, which is given by E_. = e*/2C . For a junction like the one mentioned above, this
energy corresponds to a thermal energy of the order of 1K. To be able to observe single electron tunneling effects we need to satisfy two requirements. First the
temperature has to be low compared to the charging energy k,7 << E.. This means that we need to cool the sample to low temperatures.

Secondly, to have well defined energy levels, the life time broadening of the energy levels should be small compared to the charging energy itself. This translates
into a requirement on the resistance of the junction.
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The Single Electron devices are best described in terms of charge, where as “ordinary” Josephson devices are best described in terms of phase. Charge and phase
are conjugate variables and they obey the quantum mechanical commutation relation [Q,(p] =ih. This leads to a deep (but not perfect) duality between Single
electron devices and Josephson devices. For example the Single Electron Transistor (SET) can be seen as the dual to the SQUID.
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Figure 1.2 Coulomb blockade. For a charge |Q|<0.5¢ there are no lower energy states to tunnel to, the tunneling is blocked.

2 The energetics of single electron devices

We start by considering a metallic electrode connected to NV independent voltage sources, Vy;, via N capacitances, C;, as shown in Figure 2.1. Let us also assume
that there are n excess electrons on the electrode so that the excess charge is O=-ne.
The charge on the common electrode (the island) is just the sum of charges on all the capacitances.

Q=§Ci(V—Vg,.)=—ne (2.1)

i=1

Inverting the expression for the charge we get the potential of the electrode as:
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Figure 2.1 A metallic island connected to N independent voltage sources.
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Cy
where C. is the sum of all the capacitances C..

The energy of the whole system consists of two parts the electrostatic energy, U, and the work done by the voltage sources, W, as the electrons tunnel onto the
island. We get the electrostatic energy by simply summing up the energies in the capacitors, i.e. the capacitive energy.

U=%Eci(vgi vy 2.3)

Inserting the expression for the potential V of the island, Eq. (2.2) into Eq. (2.3), we can (after quite a lot of algebra) rewrite this as
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The work done by each voltage source is simply given by the amount of charge that passes through the source, AQ;, times the voltage of the source, V,;. As one
electron tunnels onto the island via one of the junctions, lets say junction j, the potential of the island electrode changes by AV=-¢/C., and the charge is redistributed
among the capacitors adding the charge CAV=-eC/C, to each of the capacitors. This means that AQ; =+eC/C. has to flow through each voltage source except for
source j which also has to supply the extra electron AQ; =eC/C. - e. The work done by each source is given by AQ;V,; and thus the total work done by all voltage
sources as one electron tunnels in via junction j is:

W, = D AOV, =€V +e3V, g—z = Cizzc,.(vg,. -v,) 2.5)

To get the total work done by the sources we need to add up the terms for all electrons that have tunneled through all the junctions. Note that for a fixed number
of charges on the electrode, this energy is NOT uniquely defined, since it depends on which junctions the electrons have tunneled in through. Summarizing we
can write the total energy for the system as

(2.6)
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Now, let us apply this expression to a few important examples.



3 The Single Electron Box (SEB)

The single electron box is the simplest single electron device, see Figure 3.1. We have only two capacitors of which one is a tunnel junction. By applying a
negative voltage to the capacitance C,, we can force electrons to tunnel into the box via the tunnel junction. Using the notations of Figure 2.1, we have the following
parameters: N=2, C,=C,, C,=C, Vo=V, , V= 0 and n;=0, n,=n.
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Figure 3.1 A Single Electron Box consists of a junction connected to a voltage source a capacitor. The “box” which holds an integer number of electrons is marked by
a red dashed line.

Inserting these notations into eq. (2.6), we get the following expression for the energy of a SEB with n electrons.

— 1 2 2 2 _ 1 21,2 2 2 1 2
E(n)—Z—CE[CCng +n’e —2encgvg]_ﬁ[cgvg +n’e —2encgvg]+zcgvg (c-c,) (3.1)

Using the substitution E. =e”/2C, and n,=C,V, /e, we get

2
E(n,ng) = Ec(n—ng) +E,.

g

Cﬁ_l)ng (3.2)



Note that in this particular case the #; term is uniquely defined since there is only one junction through which the electrons can tunnel into the box. Often the
second term in Eq. (3.2) is left out in descriptions of the SEB because it does not depend on the number of electrons in the box, and therefore it does not come in to
play when considering tunnel rates, since those only depend on the energy differences between states of different charge.

W can then calculate the gate voltage at which the electron enters the box. This happens when E(n+1,n,) < E(n,n,), i.e. when ns>0.5.

Plotting only the first term of Eq. (3.2) as a function of the external voltage (see Figure 3.2a) we get a set of parabolas one for each n of electrons in the box.
Away from the parabola crossings tunneling is not energetically favorable. This is called Coulomb blockade. At the crossings tunneling can occur, which allows the
system to stay in its ground state. As the external voltage V, is increased, the expectation value of the charge increases stepwise as can be seen in Figure 3.2b. This
pattern is called the Coulomb staircase.

In some cases the second term in Eq. (3.2) has to be included, e.g. if one wants to calculate the capacitance seen by the voltage source. That capacitance can be
defined simply as the second derivative of the energy with respect to V,, and it becomes independent of #.
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Figure 3.2 a) The energy of the single electron box as a function of external gate voltage. Different parabolas represent different number of electrons in the box. b) The
Coulomb staircase, i.e. the expectation value for the charge on the box as a function of external gate voltage.



3.1 Effect of temperature

Figure 3.3 shows a measurement of the charge on a SEB as a function of external voltage, i.e. a measurement of the Coulomb staircase. The different curves are
for different temperatures. Note that the staircase is smeared by temperature, since tunneling can also occur when the energy difference between two neighboring
states are of the order of k7.

The effect of temperature can be taken into account by assuming a Boltzman distribution between the levels. The average charge becomes

E n- e—EC(n—ng)2 /kgT

<n> = nE e—EC(n—ng)z/kBT (34)

n
If we assume low temperatures, only neighboring states contribute. For example for the transition from 0 to 1 we can simplify this to include only the states n=0
and n=1.
1

()= i (35)
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Figure 3.3 a) Measurement of the Coulomb staircase for three different temperatures. b) Calculated smearing of the Coulomb staircase for three different normalized
temperatures.

From the smearing of the staircase it is possible extract the ratio E¢/kpT. Taking such staircases at a well known temperature it is thus possible to extract Ec.

om_ Ec

= 3.6
2k,T (3.6)
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4 The Single Cooper-pair Box (SCB)

The Single Cooper-pair box is very similar to the SEB, with the modification that the electrodes are superconducting, see Figure 4.1. Thus we are interested in the
Cooper-pairs rather than the electrons. The energetics for the SCB is the same as for the SEB, but we need to add the Josephson coupling energy E,. Furthermore, it
. . . 0 cV 4¢*
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Figure 4.1 A Single Cooper-pair Box (SCB). The cross over the junction indicates that the junction is superconducting and that there is a Josephson coupling energy.

Omitting terms independent of » we can then write the electrostatic energy of the SCB as
2
E(n,ng)=EQ(n—ng) 4.1

This gives the same type of parabolas as in the SEB, except that everything is now in units of 2e rather than /e. However, we also need to consider the Josephson
coupling term, which couples together states which differ in n, i.e. it allows for Cooper-pair tunneling on and off the box. This can be see as avoided level crossings
close to half integer ng,-values. We can write down the Hamiltonian as a sum of the two energy terms

H=F

2
Q(n—ng) -E,cosg, (4.2)

where @ is the phase difference across the Josephson junction.



To derive the Hamiltonian of the SCB we follow B. Yurke and J.S. Denker, and M.H. Devoret. We start by considering the circuit diagram in .We define the

generalized flux as (I)(t) = f _r V(t')dt”, where V is either the voltage across the junction or the voltage of the source. We start by writing down the Lagrangian for

the system. The kinetic energy T'is givenby 7' =+C g(I)i + %C(I)i Using Kirchoffs voltage law we get o =V, - o ;- Subtracting the potential energy we get:

L=T-V=1 g(Vg—d)J)2+%Cd)§+EJcos(%) (4.4)

0
Thus we only have one flux, the conjugate variable to the flux is the charge Q which we get from Q =dL/ od ;» We get:

Q=-C,(V,-®,)+CD, =C;®,-CV,
& - 0+C,V,
J CZ

Finally we get the Hamiltonian for the system by doing the Legendre transformation
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The total charge on the box has to be an integer times the Cooper-pair charge, Q=-n2e. We also define the Cooper-pair charging energy E, = ¢ , and we
z
arrive at the Hamiltonian:
2
H= EQ(n—ng) —chos(—)=
0
again omitting terms independent of n. Writing this in the charge basis |n>, i.e. the eigenbasis of the charge operator, we get the Hamiltonian
2 1
H = EQE(n - ng) |n><n|—EEJE|n><n +1|+|n+1)(n]|
- " 4.3)
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Figure 4.2 a) The energy band diagram of the SCB at zero temperature and E;/Eq=0.1. b) The Coulomb staircase for the same parameters as in a), note that the
staircase is smeared even at zero temperature, this is due to the Josephson coupling energy.



4.1 The two level approximation for small E,

For small Ej/Eq ratio the energy bands can be calculated numerically from the n, dependence of the eigen-energies of the Hamiltonian matrix including a limited
number of charge states. The result of such a calculation is shown in Figure 4.2. So called Bloch bands are formed where there are avoided level crossings at half
integer values of ny, i.e., at the points where the charging energy is the same for two neighboring parabolas. These points are referred to as the charge degeneracy
points.

Also for the Cooper-pair box we get a Coulomb staircase, but with twice longer and twice higher steps. The staircase is smeared even at zero temperature, which
is due to the avoided level crossing. For a comparison between a staircase for a SEB and a SCB see Figure 4.3
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Figure 4.3 A measured Coulomb staircase for a Cooper pair box, blue curve. For comparison a staircase for the same device in the normal state is shown in red in the
same graph. The measurements are taken on the same device with (N) and without (S) a strong magnetic field. Note that this experimental graph is presented in /e-
units.

If we stay close to this degeneracy point and if Ej/Eq, is not too large, we only need to include states corresponding to the two crossing parabolas, lets say |0> and
|1>. Then the Hamiltonian simplifies drastically and we can solve the problem analytically. This is called the two level approximation or the “qubit approximation”
which makes the Hamiltonian equivalent to that of a single spin in a magnetic field. Then we get the Hamiltonian

H—En‘j ’ S BN PRV CT T | R RS L : 4.4
"o (1-m)) N 0) o2n =1y JJrE, oft(mimners) “4)
We can then see that this can be written in terms of the Pauli spin matrices.

H=1E,(2n,-1)0,~1E,0, +E,(n}=n +1)1 4.5)

g 2



4.2 The large E, limit

For increasing Ej/Eq we need to add more than two states and the matrix size grows. For large E;/E this becomes inconvenient. In principle the problem can be

solved for arbitrarily large Ey/E, if we describe the system in the phase basis. Since Q and ¢ are conjugate variables we can write n=0/2e as a derivative of ¢. Then
the Hamiltonian can be mapped onto the Mathieu equation

2
4EC(—i(9i - ng) - E, cosg ‘I’((p) = En‘I’((p) (4.6)
@

which has the following solutions for arbitrary Ey/Eq,.
E’”(ng) = EC ' aZ[ng+k(m,ng)] (_ZEJ /EQ) (47)

where m is the energy band index, and a, (x) is Mathieu’s characteristic value, with the order v and the argument x=-2E/F,. The function k is just a sorting

function to get the energy bands in the right order. Using for example Mathematica we get a simple way to solve the problem. Bloch bands for three different values
of Ey/E are shown in Figure 4.4
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Figure 4.4 Bloch band diagrams for three different values of £,/E, calculated by solving the Mathieu equation. As can be seen the bands get flatter and energy
difference between the bands increases with increasing E/Ep.



5 Time correlation, SET and Bloch oscillations

5.1 SET-Oscillations

Let us consider what happens to a single normal junction which is biased by a constant current. The charge on the electrodes will increase linearly with time
according to dQ/dt=I. As the charge exceeds e/2, the tunneling probability increases since AE becomes negative and it becomes possible for an electron to tunnel. As
one electron tunnels, Q is decreased by the amount e and hence the probability for the next tunneling event decreases. The junction is recharged by the current
supply until Q again becomes larger than e/2, when the next tunnel event becomes energetically favorable. As a result the tunneling events will occur periodically

and not stochastically in time, this is referred to as time-correlated single electron tunneling.
The time interval between tunneling events is determined by charge conservation to be At=e/(dQ/dt)=e/I. Each time an electron tunnels the voltage will drop
considerably and then it will increase as the junction is recharged. This means that periodic tunnel events will result in an oscillating voltage as shown in Figure 5.1,

with the frequency
Jser =1/e (5.1

These voltage oscillations are called Single-Electron-Tunneling Oscillations or simply SET-Oscillations. They can be phase locked to external microwaves with
the frequency f... This gives rise to voltage steps in the dc-I-V curve at currents

I=ef,, (5.2)
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Figure 5.1 a) A current biased small juntion. B9The SET-oscillations in a current biased SET junction at low currents (I<<e/RC).

We may interpret the above as follows: each time the microwave field reaches a maximum the tunneling probability is slightly increased and one electron is
"helped" to tunnel, during the minimum, the electrons are prevented from tunneling since the tunneling probability is lowered. Harmonics can be understood as
helping two or several electrons to tunnel at the maxima, and sub harmonics can be understood as helping one electron to tunnel only every second, third time etc.



Another way to see the phase locking is as a mixing product between the internal and external oscillations resulting in a component at zero frequency i.e. a dc-
component in the I-V curve.

Together with the Josephson oscillations and the quantum Hall effect, the SET-oscillations form a "Quantum triangle", see Figure 5.2, in which voltage, current
and frequency can be converted to each other by use of the fundamental constants 4 and e.

The SET-oscillations can be interpreted as the analog to the ac-Josephson effect. The time correlated tunneling of single electrons across the barrier in the
charging case, corresponds to the time correlated transfer of flux quanta along the barrier in the Josephson case. The single electron tunnel events give rise to an
oscillating voltage i.e. the SET-oscillations whereas the transfer of single flux quanta give rise to an oscillating current i.e. the Josephson oscillations.

The behavior of a microwave irradiated SET junction is very similar to that of a microwave irradiated Josephson junction except for the change of voltage and
current. In the same way that the phase locking of the Josephson oscillations gives rise to Shapiro step and is used for maintaining a voltage standard, phase locking
to the SET-oscillations could be used for maintaining a current standard.

SET oscillations
I=ef

Josephson oscillations
2eV=hf

Quantum Hall effect
V=R QI

Figure 5.2 The Quantum Triangle.

5.2 Bloch Oscillation

If the Josephson coupling energy E; is comparable to Ec, energy bands form in the energy diagram. This is very similar to the energy bands which are formed as
the periodic potential of the lattice is "switched on" in solid state physics. If an electric field is applied to a solid state crystal the Bloch-electrons may start to
oscillate with a frequency directly proportional to the applied electric field and the lattice parameter of the crystal in the field direction.

Similarly, in a small Josephson junction time correlated tunneling of single Cooper pairs may occur, if the quasi particle tunneling is low enough. These
correlated tunnel events give rise to voltage oscillations with a frequency f,, , =1/2e.

The small Josephson junction and the solid state crystal can be described with the same type of Hamiltonian. In both cases there is one term parabolic in charge or
momentum plus one term periodic in the conjugate variable flux or space coordinate. This analogy gave the name of the voltage oscillations, namely Bloch
oscillations.

As we will see in the section 10, it is not easy to current bias a junction and therefore both the SET and the Bloch oscillations are quite difficult to observe.



6 1D arrays of small junctions

To describe a 1-D array of N junctions, we need to specify the capacitance C and resistance R of each junction and the self-capacitance Cy of each of the
interconnecting electrodes. For simplicity the array is assumed to be homogeneous. We neglect capacitive coupling between next nearest neighbors and higher order
terms we get the coupling capacitance C between neighboring electrodes only. We describe the system by describing the charge on each electrode (charge nodes)

and the voltages of any sources connected to the system (voltage nodes).
For a 1D array with N junctions biased at both ends, we get N-1 charge nodes and two voltage nodes. The charges and potentials of the different nodes are related

via the following matrix equation:

QC CCC CCV (pC CCC¢C + CCV(pV

= = (6.1)
QV CVC CVV ¢V CVC qu + CVV(pV
For the 1D-array shown in Figure 6.1, the capacitance matrix is given by
c,+C -C c 0
-C 0O O
C,+2C -C 0 0 0 O
-C C,+2C -C 0O O
Coe Cgy _ 0 -C C,+2C -C 0 O 62)
Co Cu 0 0 -C C,+2C 0O O
-C 0O O
-C C,+C 0 C
0 0 0 ¢, O
0 0 0 0 0 C 0 ¢

Solving equation (6.1) we get the potentials of the different charge nodes if we know the charges on the charge nodes and the potentials of the voltage nodes.

@c = CEIC (Qc - Ccv‘pv) (6.3)

The influence of Josephson coupling is also neglected, i.e. Ej<<Ec. The effect of the superconducting energy gap can however be taken into account by
assuming a voltage-dependent quasi-particle resistance. The array is assumed to be voltage biased at both ends with a differential voltage V. Using these



approximations some properties of the 1-D arrays can be derived analytically. A schematic picture of the array is shown in Figure 6.1. Voltage nodes can be thought
of having very large capacitances to ground and a very large amount of charge.
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Figure 6.1 Schematic of a homogeneous 1D-array. Each electrode is coupled to its two nearest neighbors by junctions with capacitance C, and to ground by Cy. The
array is typically biased in a symmetric way.

6.1 Charge solitons

A specific property of 1-D arrays is the occurrence of charge "solitons". If a single electron is added to an island inside the array, the surrounding tunnel junction
capacitances are charged as well. If the self-capacitances (stray capacitances) of the islands were zero, each junction would be charged an equal amount. With non-
zero self-capacitances, the charge has to be shared with the between the junction capacitance and the self-capacitance. Therefore the charge on the junctions will
decay with the distance from the initially charged electrode so that the polarization and the charge distribution will be localized in space over a few junctions. The
whole charge distribution moves as a single electron is tunneled between islands. The reason for calling this object a charge soliton is that it does not change its form
as it moves, provided that it is far from the edges of the array. We can compare with the situation in long Josephson junctions where the magnetic field may tread the
tunnel barrier and form flux solitons.

If we place a single electron on the kth electrode of an infinitely long array, a potential @ will be generated. This way an effective capacitance is defined, such
that @f = -e/Cefy. This effective capacitance is Co=C+2Cp, Cj being the capacitance seen from the edge of a half infinite array. It is easy to see that

C,'=C"+(C,+C, )_1 so that we get
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Figure 6.2 The potential distribution created by a single electron placed on an electrode k inside an infinite 1-D array, i.e. a charge soliton. The "soliton length" A is
chosen to 3. The rings represent the potentials of the electrodes, the solid line is just a guide for the eye.
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Figure 6.3 The components of the effective capacitance Ceff=C()+2Cp. C} is the capacitance of a half infinite array.

For the case of a single electron on the Ath electrode there is a potential distribution with a maximum value of ¢y =-¢/Cef. The potential falls off

exponentially on both sides as illustrated above. The potential of an arbitrary electrode i as a function of the distance from the charged th electrode can be
calculated. We get



ik
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Ceff C+C,+C, Ceff
(6.5)

where the fall off constant A is the soliton length which is given by

A =ln(M)=ln Cyt+Co _ 16
Car=Co ¢ (6.6)

where the approximation is valid when C>C,. It is hard to get a very large number for the soliton length, which is typically less than 5.

6.2 Threshold Voltage

To inject charge into the array you need to overcome the Coulomb blockade by applying a voltage larger than a certain threshold voltage. For a long 1D array
biased at one end, the threshold voltage is determined by the voltage at which the first electron enters the first electrode. We can thus treat the rest of the array as a
pure capacitor with the capacitance C,. This problem is in fact very similar to the problem of the SEB, and we have the following situation; N=2, i=1,2, j=1, C;=C,

Cr=Cy+Cy, Vgi=V, Vor= 0, and we can write the energy as:

E(n)= L[(CO +C,)CV?+n’e® =2en(C, + Ch)V] (6.7)
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Figure 6.4 Simplified schematic for the first island of a 1D-array. The problem can be mapped onto the SEB. The threshold is the voltage at which the energy of having
one electron on the island and the energy of having no electron on the island are equal.



To calculate the threshold voltage for an electron to enter the array we consider the two situations shown in Figure 6.4. The threshold voltage is reached when the
states containing n=0 and n=1 have the same energy, i.e. E(0)=FE(1). The calculation becomes simpler if we realize that the first term is independent of n and
therefore falls out. We can thus easily extract the threshold voltage

0=e’-2¢(C,+C,)V
- ¢ (6.8)
" 2(C,+Cy)

If we consider the threshold for entering a Cooper-pair (assuming small £;) we get a very similar calculation
E(0)=E(2)
0=4¢’-4¢(C,+C,)V (6.9)
e
V = —
o, +C,

Finally we consider the threshold for breaking up a Cooper pair and entering a single electron

E(0)=E(1)+2A
0=¢’-2¢(C,+C,)V+4AC; (6.10)
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V =— =  |1+==
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Figure 6.5 Simplified circuit scheme for a biased 1D-array before and after a Cooper-pair has been broken and a single quasiparticle has tunneled into the first island.



7 The Single Electron Transistor (SET)

The Single Electron transistor is a device which is formed by connecting two junctions in series and coupling a third electrode capacitively to the central island.
The SET is the most important single electron device since it can be used as a very sensitive electrometer. Let’s now use equation (2.6) to look at the energetics of
the SET.

r|| Wo 7

Figure 7.1a) A circuit diagram of the symmetrically biased SET. b) A scanning electron micrograph of an SET.

For the Single Electron transistor we have three terminals: two junctions and the gate capacitance. To simplify thing we apply a symmetric bias, Vp=-Vs=V/2.
Thus we have the following parameters: N=3,V,=-V/2, V,=V/2 V;=V, C.=Cs+Cp+C,,

E=i[n2e2+ECiCj(Vgi v,) —2e2 [Ec( v,)

i,j>i

(7.1)

After some algebra, we arrive with the following expression where only the first two terms depend on the number of electron that has tunneled onto the island

> eV C C 1 v Y v Y
E(ny.ng)=E;(n-n,) e nD(CS+7g)—nS(CD+7g) e CSCDV2+CSCg(E+Vg) +Cch(5-V) -e’n; (7.2)
b

8
z



where we have used the fact that the number of charges on the middle electrode is of course the number of charges entered though the drain plus the number of
charges entered via the source, i.e. n=np+ns. If we set the source and drain voltage to zero, we can see that we recover the expression for the single electron box, c.f.
eq 3.2. Assuming that an electron tunnels in via the drain junction, i.e. np=>np+1, n=>n+1, we get the energy difference

2V
AE,, =E(n,+1,n))~E(n,,ng)=E, [(2,1 +1-2n,)+=—(C,+C, /2) (7.3)
e
To get any tunneling we need to lower the energy, thus the energy difference has to be negative.

e 1
AED,m <0, :V<_C'S+—Cg/2(5+n_ng) (7.4)

Similarly, we can calculate the energy difference for tunneling one electron out through the drain junction

out = E(nD —l,ns)—E(nD,nS) = EC[(—2n+1+2ng)—2?V(CS +Cg /2)]
1 (7.5)
AE <0,:V>; ——n+n
o Cs+C, /1212 &
and in/out through the source junction
AEg, = E(ny,ng+1)= E(np,ng) = E,. [(2n +1-2n,) —2—V(CD +C, /2)}
e
| (7.6)
AE, <0, =V>;(—+n—n )
’ Cp,+C,/2\2 ¢
AEg,, = E(ny,ng =1)- E(ny.ng) = E,. [(—Zn +1+2n,)+ Z—V(cs +C, /2)}
e
| (7.7)
AE,, <0, =>V<—;(——n+n,)
’ Cs+C,/2\2 ¥

As an example, for n=0 we get the following thresholds
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Figure 7.2 Stability diagrams for specific numbers of electrons on the box. a) n=0, b) n=1.

Note that the threshold for D;,(n=0) is identical to the threshold for D,(n=1), and likewise for S;,(n=0) and S,«(n=1). To get transport through the SET transistor
we need to satisfy the condition for tunneling in through one junction and out through the other one. This gives the bias conditions the Coulomb blockade in the
SET. For a bias voltage larger than the positive threshold ¥, or smaller than the negative threshold V.. we have coulomb blockade.

e e e
V,=min| ——(+(n, -n)),—E -(n, -n))|, V_=max| ——E -(n, -n)),—E+(n, —n 7.8
= min| G (=M e G (g = Yo = ma| e (= (=) e G =) &
Since the threshold voltage is periodic in n, with the period one, it is enough to consider the n=0 case. If we in addition define the asymmetry parameter for the
CD - CS .
SET, a = ——— we can write the thresholds as.

b

= —min V _ =—max ,
l-a  l+a

Ve -
G l+a (@8

1+2n. 1-2n 1-2n. 14+2n
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Considering an asymmetrically biased

CD—(CS+Cg)

CZ

These conditions can be combined into the so called stability diagram for a SET.

Bias Voltage

SET as in Figure 7.3, we get exactly the same expressions as above, if we redefine the asymmetry parameter as

Single
Electron
Transistor

SET —

Ce
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Figure 7.3 An asymmetrically biased SET

Stability diagram for a SET —(C./C +1/2) by C/C +1/2
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Figure 7.4 a) Calculated diamond plot for a SET. b) Measured diamond plot for a SET, black represents no current, i.e. Coulomb blockade, red and yellow represents

the conducting state.



8 Tunneling rates for the SET

We now know in which region of the diamond plot there is current and where there is Coulomb blockade. Now we would like to know how large the current is in
the conducting regions. The tunnel rate can be determined by golden rule arguments. From SIS tunnel junctions we are familiar to the tunneling integral, but we now
have to take into account the Coulomb blockade and energy conservation, this is done via the delta function. Only tunnel events which can supply the charging

energy difference are allowed.

| = -
L, = =y :[odeD_{ds,f(eD)[l—f(e,)]é(AE—(sD —81))
| =
- ey :[odeDf(eD)[l—f(sD —AE)] .

1 7 J 1 e
- ’R f €p & ep-AE
D - kT kyT
l+e™ 1+e

Where we have defined AE=E(n+1)-E(n). This integral can be solved exactly, and the result is the single electron tunneling rate.

€p AE

kT X kT
x=e", dx=—-de,, a=e"
B
o0

k,/ 1  x/a k,T fd 1 1

1 0
r, = dx = X
D e2RD‘{ x l+xl+x/a €’R,% l+xa+x

kT 1 ln|x+a|°°_ k,T 1n|a|
e’R,1-a |x+1|0 'R, a-1
_k,TInld 1 AE
e’R, a-1 e’R, """ —1
(8.2)
1 AE
Lo = g —
€ I, kgiT
e -1 (8.3)

This rate is shown in Figure 8.8.1 for a few different temperatures.
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Figure 8.8.1 Tunneling rate versus energy difference AE for three different temperatures.

To calculate the current we need the rates in both directions. Furthermore we need the probabilities P(n,t) that there are n electrons on the island.

I=1,=1I;=-eY(T;(n)-T,(n))P(n.t)

, (8.4)
The probabilities we can get from a master equation
P(n,t)==P(n,t)[T; (n)+ T (n)+T5(n)+T5(n)]
+P(n=1,1)[ T3 (n=1)+T5(n-1)] (8.5)
)+T

+P(n+1,t)[1‘;)

For low currents only low n states are occupied and one can get by with solving this for only 2-3 states, e.g. n={-1,0,1}. A typical 3D-plot of the /}'V, is shown in
Figure 8.2a and a 2D-plot is given in Figure 8.2b. The corresponding /}V-curve and [V,-curves are shown in Figure 8.3.
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Figure 8.2 a) Current versus bias voltage and gate voltage for a symmetric SET, kz7/E=0.01. b) Diamond plot for the same parameters.
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Note that in the IV curve when the SET is in the open state (blue curve in Figure 8.3a) the slope is given by 2R,,. The oscillations in current as a function of gate
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Figure 8.3 a) Current voltage characteristics for two different gate charges. C,V,=0 (red) and C,V,=e/2 (blue). b) Coulomb blockade oscillations, Current as a function
of gate charge, for three different bias voltages: V'C,/e={0.2,0.6,1.0}. kg7=0.01 E in both plots.



The superconducting SET

There are several modifications if the SET is superconducting. For one there is an energy gap and secondly there are combinations of Cooper-pair tunneling and

Single electron tunneling which can occur.

The different processes have different onset conditions which depend on Ec and the superconducting energy gap A. The most important ones are Josephson-
Quasi-Particle cycle (the JQP cycle) and the double JQP cycle (DJQP).

In the Table below, you see a list of several different processes. Some of them are resonances giving rise to peaks in the IV-characteristics, where as others are of

threshold type which gives rise to steps.

=DJQP

n+2-» n+l

J

-

n-» n+2

m%e% n em

n+l-»n

Figure 9.0.1 The Josephson quasi-particle cycle.

| Feature | No. of steps | Cycle Components | Location

SET 2 e, e T: 4A < eV < 4A 4+ 2E¢
supercurrent 2 J, J P:eV 0
JA 2 J, A P: A <eV
AA 2 A, A T:2A <eV
JQP 3 J, e e P:2A 4+ E¢ < eV
AQP 3 A e e T:3A 4+ E¢ <eV
3e 4 J,e J, e P: eV = 2E¢
3e-A 4 J,e, A e P: A+ 2E¢ < eV
3e-AA 4 Aje A e T: 2A 4+ 2E¢ < eV

Table 6.1: List of current features, the processes which form the cycles, and the bias condi-
tions for which they occur (P = peak, T = threshold).
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9 Operation of SET's
9.1 DC-operation

Typically a SET is biased with current and measure voltage or vice versa. Normally superconducting-SETs have somewhat better sensitivity typically a factor of
two. Very high charge sensitivities can be obtained, 9Q<10"® ¢/\Hz can be achieved.
The sensitivity of the RF SET is given by

ol
6Q=M (10.1)

Where O/ is the current noise of the device and the denominator is the “gain”. The noise comes mainly from two sources: Shot noise and 1/f noise.

The impedance of the SET is relatively high, which leads to a limitation in it operation frequency which is set by the RC time constant of the resistance of the
SET and the capacitance of the leads that go to the SET. This limits the operation frequency below 10 kHz.
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Figure 9.1 The dc-IV curve for a high Ohmic single electron transistor.



9.2 The RF-SET

The frequency limitation of the ordinary SET can be overcome by operating the SET in the RF-mode where the SET is impedance matched to a 50 Q coax line
using a resonant circuit. An rf signal is launched towards the tank circuits using a directional coupler or a circulator. The reflected signal is amplified by both cold
and warm rf-amplifiers and the signal is detected at room temperature. This can be done in two ways either using a “square law detector such as a diode, or by
homodyne mixing, i.e. by mixing the reflected signal with the same frequency as you send down.

In both cases the output signal is directly related to the charge on the SET gate.

Current in SET-bias

___________

i Tank circuit

e o

Figure 10.2 Bloch diagram for the RF-SET



We treat the system like an ordinary series resonator with a variable resistor R representing the SET. We make the following definitions: the resonance

Z w,L 1 R R
frequency, w, =1/4/LC, the LC tank impedance, Z,. =~ L/C , and the quality factors Q, = —=& = —— = , Op =——=——=w,CR which are refered
Z, Z, w,CZ, Z,c L
to as the internal and external Q-values respectively. The impedance seen from the coax line can be expressed as
Pa
— -
Zo Pr
L
= R

Figure 9.2 Circuit diagram for the reflection measurement of an RF-SET. The wave Pa is launched towards the tank circuit and the wave Pr is reflected.

2
. w
J+QR(1—2)
W, Wy
ZLRC =ZL +ZRC =ZLC W
1+j7QR
W,

(11.1)

which at resonance becomes:

, 2
J 1 Zic _Zic
Zire (wo) =Zc ——=Zc = = (11.2)
1+ jO, O—-J Ok R
where the last approximation is valid if Og>>1, which is normally the case for an RF-SET. Alternatively we can approximate the circuit by a series resonance
circuit with an effective resistance

Z?2 Z?
Zine =2, + Zye =ZL+ZC—ZCiREZL+ZC+Reﬁ, Reﬂ:_ZciR (11.3)

which at resonance becomes:



Zc )z Zi _Zic _ R (11.4)
QR_j

Zipe(®))=Z, +Z. +R, =R, = (
% R 0
where the last approximation is valid if Qg>>1, which is normally the case for an RF-SET. The amount of RF-signal which is reflected at the tank circuit is given

by the reflection coefficient I'.

R,-Z
=L ° (11.5)
Ry +Z2,

where V, is the available voltage, which in turn is half of the source voltage. We can easily see that perfect matching occurs when

R Z
ReﬂzE=Zo Aad ﬁ=zo < 0,=0, & Z,=+2Z,R (11.6)
R R

0.12

AQ=0.1¢
0.101 Bw=1MHz

Charge (e)

0 5 10 15 20 25 30 35 40
Time(ps)
Figure 9.3 A fast measurement of a charge change of 0.1e, using an RF-SET. the red trace shows a single trace, whereas the blue curve is an average of 512 traces.

The RF-SET can be very fast, speeds up to 100 MHz have been demonstrated. In Figure 9.3 the response to a 0.1e step is shown. It can also be very sensitive,
charge noise of the order of 1pe/\Hz has been demonstrated.



10 The effect of the electromagnetic environment, P(E) theory
If we neglect the effect of the environment of a tunnel junction, the current through a normal tunnel junction is given by

I= Lw[f(E —eV)[1- F(E)]-[1- F(E +eV)]f(E)E (12.1)

eR, .

Where the Fermi function f(E) is given by

1

1+ oE kT

f(E)= (12.2)

However if the tunnel junction is connected to an external impedance as shown in Figure 10.1, we have to consider the probability for emitting a quanta with the
energy E=el into the environment. The probability density of that process is described by the function P(E). This gives a modified rate

= %zzf(E)[l - f(E"|P(E +eV - E')dEdE' (12.3)
Zenv((l))
Vg C

Figure 10.1 Schematic diagram for a junction with environment

Then the current is given by

+00 400

= e%ff[f(E)[l ~ f(E)|P(E +eV - E')~[1- f(E)|f(EP(E'-eV - E)|dEdE' (12.4)

N —o0 —0



which can be simplified to

-eV /kgT

R f P(eV - E)E 1e—dE
—-e

-E/kgT
eN o

The P(E) function can be expressed as the Fourier transform of another function P(?)

+o Et

P(E)=—Te fe "P(E)dt=F ‘I(P(t))

,where P(t) can be written as P (t) s , and J(?) is the phase-phase correlation function

The phase ¢ is defined as the integral over the voltage across the junction ¢ f V dt

It can be shown that the P(E) function has to fullfill the following normalization and weight condition

fP E)dE = 1andeP E)dE = E,.

For an arbitrary environmental impedance Z(w) the correlation function can be written as

“do Re[Z(w)] e -1
J(t)=2f_ R( ) 1= ookl
(Y]

(12.5)

(12.6)

(12.7)

(12.8)

(12.9)

(12.10)



enE’
For a superconducting junction the current is given by: I,, = TJPS(E ), where Pg(E) is the same as P(E) but calculated for a charge of 2e rather than e. In

other words Iss(t) = e“(t), where the phase correlation function can be calculated from the environmental impedance. Falci, showed that at T=0 the P(E) function

obeys the following integral equation, and numerically one can calculate the P(E) function iteratively using it.

P(E) =%ZRelZ(E ;E')]P(E')dE' (12.11)

Let’s take an example. For a frequency independent environment of R=980 kQ, and a single tunnel junction with C=0.4 fF we get for example the P(E) function
shown in Figure 10.1.

3 L
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2] C=0.4 {F
2 4
Q
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=
&
1
05
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Figure 10.2 In a single junction we would thus get a maximum in the Cooper pair current at V'=¢/C.



11 Cotunneling

There is also a second effect which is neglected in the orthodox theory for single electron tunneling and that is higher order tunnel events, so called cotunneling.
This is what happens if two electrons tunnel simultaneously in two different junctions. This takes the system from one state to another state with lower energy,
however the intermediate state may have a higher temperature and is thus blocked. This second order tunneling can still happen and is more likely for low tunnel
junction resistances.
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